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A model describing two consecutive gas-liquid reactors in a continuously 
stirred-tank reactor is developed with reaction factors used to account for 
the interactions between the chemical and transport rate processes. A 
parametric numerical study revealed several interesting effects, including 
the existence of up to seven steady state solutions. The predictions of the 
model adequately describe the steady state multiplicity observed during 
the chlorination of liquid n-decane. I t  is shown that the steady state mul- 
tiplicity can serve as an excellent tool for discriminating among rival models 
and estimation of kinetic parameters. 

SCOPE 
When gas-liquid reactions are carried out in a con- 

tinuously stirred-tank reactor (CSTR), multiple steady 
states may exist as demonstrated by Ding et  al. (1974). 
A detailed stability analysis of these multiplicities was 
presented by Schmitz and Amundson (1963 a to d)  as- 
suming that the overall reaction rate can be accounted 
for by a series chemical and mass transfer resistance 
model. Unfortunately, this series resistance model does 
not properly account for the mutual interaction between 
the chemical and transport rate processes in gas-liquid 
reacting systems, except when the mass transfer resistance 
is negligible. 

One way of describing the overall rate of gas liquid 
reactions over a wide range of temperature, in which 
the controlling resistance shifts from kinetic to mass 
transfer, is by use of reaction factors (Teramoto et al., 
1969). This method was used in a previous paper (Hoff- 
man et al., 1975) in which we analyzed the steady state 
multiplicity of an adiabatic CSTR in which a single gas- 
liquid reaction occurred. I t  was found that the inter- 

action among the chemical reaction, the transport resist- 
ances, and the solubility may cause the occurrence of 
up to five steady states. This is a rather unique feature 
of a gas-liyuid reaction, as no more than three solutions 
can be attained when the same second-order reaction is 
carried out in a single phase CSTR. 

In many industrial processes, for example, chlorination 
and hydrogenation, the reaction network consists of sev- 
eral gas-liquid consecutive-competitive reactions. One aim 
of this work is to develop a model of a CSTR in which 
two exothermic consecutive gas-liquid reactions occur 
and to test the validity of the model and the associated 
assumptions by comparing its predictions with experi- 
mental results. Another goal is to determine the para- 
metric sensitivity and behavioral features of the system, 
and in particular examine the various multiplicity patterns 
and the maximal number of steady state solutions. This 
information is essential for the rational design, operation, 
and control of these gas-liquid reactors. 

CONCLUSIONS AND SIGNIFICANCE 
A model of a CSTR, in which two exothermic consecu- 

tive competitive gas-liquid reactions occur, has been de- 
veloped with reaction factors used to account for the 
reaction in both bulk and film liquid (Teramoto et al., 
1969). These factors are computed from Equations (15) 
to (17) and require the iterative solution of Equations 
(19) to (21). The steady state solutions can be determined 
from the intersections of the heat generation and removal 
graphs, and an efficient numerical procedure for comput- 
ing these graphs is presented. 

The capability of the model to describe real systems 
was tested by comparing its predictions with experimental 
data obtained by Ding et al. (1974) for the chlorination 
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of n-decane. The comparisons, some of which are shown 
in Figures 1 and 2, indicate that the model adequately 
describes the experimental data when the formation of 
tri and higher chlorodecanes is small. 

Numerical simulations revealed that changes in certain 
parameters can change both the nature of the multiplicity 
as well as the range of l i p i d  residence time for which 
multiplicity exists. For example, Figure 3 describes a 
case for which changes in the reactivity of the n-decane 
can cause the appearance or disappearance of a special 
multiplicity pattern (an isola) for which a shift from the 
low to the high temperature steady state cannot be 
attained by increasing the residence time. The key param- 
eters which influenced the multiplicity pattern and re- 
gion were the kinetic rate constants, the interfacial 
area, the heat of the reactions, the heat loss from the 
reactor, and the liquid heat capacity. The simulations sug- 
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gest that the information about the multiplicity pattern 
and the ignition and extinction points can serve as an 
excellent tool for discriminating among rival models and 
assumptions and for the estimation of kinetic parameters. 

steady state solutions under certain operating conditions, 

and an example of such a case is shown in Figure 5. This 
occurrence of seven steady state solutions is a unique 
feature of gas-liquid reactors, as no more than five soh- 
tions can be attained in a homogeneous CSTR in which 

The model predicts the occurrence of up to seven the same two consecutive second-order reactions are 
carried out. 

In this work we examine the possible occurrence and 
implications of steady state multiplicity of a continuously 
stirred-tank reactor (CSTR) in which gas-liquid reactions 
occur. Specifically, we consider the following two consecu- 
tive gas-liquid reactions: 

ki 

A(gas) + B(liq) + R(1iq) + L(gas) 

A(gas )  + R(liq) + S(1iq) + L(gas) 

(1) 

(2) 
ka 

Second-order kinetics are assumed, as they adequately de- 
scribe many gas-liquid reactions. The mathematical model 
is based on the following assumptions. 

1. The temperatures of the gaseous and liquid feed 
streams are the same. The liquid feed does not contain any 
dissolved gas. 

2. The temperatures of the gas and liquid inside the 
reactor are the same. The gas leaving the reactor is satu- 
rated with the liquid and passes through a condenser with 
a 100% efficiency. The condensate is returned continuously 
to the reactor. 

3. The volumetric flow rate of the liquid leaving the 
reactor is independent of temperature and conversion. 
4. The total pressure of gas bubbles is independent of 

position in the CSTR and of the operating temperature, 
5. The mass transfer resistance in the bubbles is negli- 

gible. 
6. The solubility of the gaseous reactant A in the liquid 

is independent of the conversion and its temperature de- 
pendence can be expressed as 

I g l O ( x A / P A )  = Di/T - Dz (3)  
where XA is the mole fraction of the dissolved A, and PA = 
YAP is the corresponding partial pressure. Moreover, the 
solubility of the gaseous product L is negligible, and it is 
stripped from the liquid upon formation. 

7. The heat of solution of the gas is independent of the 
temperature and composition of the liquid phase. 

REACTION FACTORS AND THEIR COMPUTATIONS 

When gas-liquid reactions are carried out in a CSTR, 
changes in the temperature can have a marked influence 
on the relative rates of the chemical and transport rate 
processes. While at low temperatures, the chemical reaction 
may be the rate limiting step; at higher temperatures, the 
overall rate may be controlled by the rate of mass transfer, 
and all the reactions may be completed in the mass trans- 
fer film. It should be noted that even when the reaction 
is controlled by mass transfer, the overall rate is often sig- 
nificantly larger than the maximal possible rate attainable 
by pure physical absorption. Consequently, a model which 
assumes that the overall rate is limited by a series of 
chemical and mass transfer resistances may lead to pitfalls 
when applied over a wide range of temperature. A model 
of the CSTR requires use of expressions which describe 
the rate of reaction in both the film and bulk liquid and 
which can account for the continuous shift from chemical 

to mass transfer control with increasing temperatures. One 
way of doing this is by use of reaction factors which are 
defined as 

A 
EA* = ( RA + F&/VR) /( ktUvAi) (4) 

EB* = RB/ (k i~vAi )  ( 5 )  

ER* = RR/(kpvAi) ( 6 )  

A 

A 

where FlAl is the rate at which the gaseous reactant A 
leaves the reactor dissolved in the effluent liquid stream, 
and Ri denotes the rate of consumption or formation of 
species i per unit volume of reactor by reaction in both 
film and bulk liquid. 

The reaction factors can be computed by any one of 
several models, for example, film model, surface renewal 
model, etc. For a single gas liquid reaction, the conversion 
of the liquid is rather insensitive to the model used in the 
computations. Calculations by Szekely and Bridgwater 
(1967) indicate that for a complex gas-liquid reaction 
network, the yield of the desired product may for certain 
kinetic parameters be somewhat sensitive to the model 
used. Because of the relative mathematical simplicity of 
the film model, we have used it in this work to compute 
the reaction factors. It should be noted that application of 
the film model to compute the reaction factor does not 
require computation of the mass transfer coefficient by 
that model. 

The differential equations describing the reactions in the 
mass transfer film are 

d2A 
dz2 

DA - = klAB + kzAR o < z < s  (7) 

d2B 
dz2 

DB - = klAB O < z < 6  ( 8 )  

d2R 
dz2 

DR - = - klAB + kzAR 

The corresponding boundary conditions are 

0 < z < 6 (9) 

A = Ai z = o  (10) 

d A  
dz - - (klAB + k2AR) ( E - + EA/T 

z = 6  (14) 

Boundary condition (14) states that the rate of transfer 
of the dissolved gas to the bulk of the liquid is equal to 
the amount consumed by the reaction in the bulk plus 
that which leaves the reactor in the effluent stream. That 
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condition implicitly assumes that the concentration of the 
dissolved gas in the effluent stream is equal to the con- 
centration of the gaseous reactant in the bulk fluid. This 
is a very good approximation for the practical cases in 
which the volume of the bulk fluid is significantly larger 
than that occupied by the mass transfer film. Boundary 
condition (11) is not strictly correct for a volatile liquid. 
However, accounting for the evaporation of the various 
liquid components and the return of the condensed vapor 
significantly complicates the analysis. Thus, the phenome- 
non is not accounted for in the determination of the reac- 
tion factor. A simple analysis of the influence of the evap- 
oration of the liquid on the absorption rate for a system 
in which a single reaction occurs was presented by Pangar- 
kar (1974). 

An analytical solution of the above equations is not pos- 
sible. However, an approximate solution was derived by 
Teramoto et al. (1969) applying the linearization tech- 
nique of Van Krevelen and Hoftijzer (1948). Numerical 
computations indicate that the error introduced by this 
approximation is usually very small and of the order of 
several percents at most. According to Teramoto et al. 
(1969), the reaction factors are computed from the ex- 

Bi bi = - 
B1 

120) 
1 - - 

1 + h2cothy’/y‘ - h2/y” + h V (  sinhy’ - y’) /z 
b = y’*sinhy’[y’coshy’ + [ y 2 ( a  - 1) + l/O]sinhy’] 
- 

A, ./ a t=-= 
Ai y’coshy’ + [ y 2 ( a  - 1)  + l/O]sinhy’ 

(21) 

The computations of the reaction factors require itera- 
tive calculations. One starts by assuming a1 so that all the 
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quantities defined by (18) can be computed. SubG,equently, 
the coupled equations (19) and (20) are solved for bi 
and y’, and the value of at is computed from (21) and 
compared with the assumed value. One then iteiates until 
convergence between assumed and predicted values of at. 
The quantities defined by ( 2 2 )  to ( 2 5 )  are then computed 
and substituted into (15) to (17) to yield the reaction 
factors. 

STEADY STATE EQUATIONS AND THEIR SOLUTION 

ances describing the CSTR are 
Under steady state conditions, material and energy bal- 

A 
qgfyAF - qgoYA = RAVR 4- F A  = kla,VRA EA” (26) 

A 
qlfXBf - qloXB = RBVR = kiGVRAiEBu (27) 

A 
qioxR - qyXRf = RRVR = ~ ~ ~ , V R & E R *  ( 2 8 )  

where qg and qi are the gas and liquid molar Row rates, 
Ai is the bulk concentration of the dissolved gas, and the 
subscripts f and o refer to the streams entering and leav- 
ing the CSTR, respectively. In deriving (26),  it is as- 
sumed that the concentration of the dissolved gaseous re- 
actant in the effluent liquid stream is equal to its bulk con- 
centration-Al. This is an excellent approximation, since in 
a CSTR the volume of the bulk liquid is significa-itly larger 
than that occupied by the mass transfer film. The effluent 
liquid molar flow rate is equal to 

qto = qif + F A  (29) 
The interfacial concentration of the reacting gas can be 
expressed as - 

Ai = X A P ~  = XAqdFt (30) - 
where pi is the molar density of the liquid phase. Substitu- 
tion of (29) into (30) yields 

where XA can be computed from ( 3 ) .  The molar flow rate 
of the gas leaving the reactor and entering the condenser 
is equal to 

qgo = (qgr - FiAd/(1 - YB - Y R  - y.~) (32) 

qgc = qgf - F A  (33) 

The molar flow rate of the gas leaving the contienser is 

where ye, YR, and ys are the mole fractions of the evapo- 
rated liquid in the leaving bubbles, which are computed 
from thermodynamic vapor-liquid relations. 

An energy balance on the CSTR yields 

RBVR(-  mi) + RRVR(-  AHz) + FtAi(- AH-) 
- q g & ? ( -  4%~) + YR(-HvR) + yS(- MVS)] 

- U a ( T  - T c )  - JT: (qlocpt + qgccp,)dT = 0 (34) 

The steady state equations contain a large number of 
dependent and auxiliary variabIes. We present here a 
scheme of solving the equations and dctermining all the 
possible solutions. 

Under steady state conditions, the number of gaseous 
reactant moles consumed by the reaction is equal to the 
number of moles of B reacted plus that of S formed. There- 
fore 

RA = RB + (RB - RR)  (35) 
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Substitution of (35) into (26),  (27), and (28) yields 

X B  = (2qlfXBf + q l f X R f  + QgoYA + F d l  

- qloXR - q s f Y A f ) / 2 q l o  (36) 
Equations (26), (27), and (28) can be rewritten as 

Y A  = ( Q s f Y A f  - &VRkdiEA* ) / q g o  

X R  = ( U U V R ~ ~ ~ E R *  + qt f l~ f )  / q l o  

(37) 

(38) 
A material balance on component S yields 

Xs = 1 - XB - XR - [F& 

f ( 1  - X B f  - XRf - xSf)qtfl/qlo (39) 
The above information about the mole fraction of the 

various components in the liquid phase can be used to com- 
pute the corresponding partial vapor pressures. Substitution 
of (4) ,  (5), and (6)  into the energy balance (34) and 
rearrangement yields 

A 
QI = GVRklAiE,' ( - AH,) 

+ [ & v ~ k l A i ( E ~ *  - E B * )  - F d i l ( -  AH,) 

+ FlAl(- AH,) = qgo[YB(-  M v B )  + Y R ( -  A%R) 

+ys( -AHvs)I  + U a ( T - T c )  
A + JT: (qlOcpl + q g c C p g W  = QII  (40) 

where QI and QII describe the energy generated and re- 
moved from the reactor, respectively. The above equation 
may be rewritten also as 

When the two Q or Y graphs are plotted as a function of 
the temperature, then any intersection between the graphs 
is a steady state solution. Thus, these graphs enable a sys- 
tematic determination of all the possible steady state solu- 
tions. 

The following numerical procedure was used by us suc- 
cessfully to determine the Q graphs. For a prescribed 
temperature and feed flow rates, we assume the values of 
YA, XR, and al and compute Ai and Al from (3)  and (31) 
and qlo from (29). The values of XB and qgo are deter- 
mined simultaneously from (33),  (36),  and vapor-liquid 
equilibrium relations and used to compute 

Bt = X B q d F i  (42) 

Rt = X ~ q l o / F i  (43) 

Subsequently, we compute M from (18), and 

and solve (19) and (20) by Wegstein's method for bi and 
y', and determine at from (21).  If the value of at does not 
agree with the assumed one, we iterate. After convergence, 
we compute Ef ,  ri, r A ,  and r R  from (22) to (25) and 
compute the reaction factors from (15) to (17). We then 
compare X R  from (38) with the assumed value and iterate. 
Finally, we compute Y A  by (37) and if necessary iterate. 
The above information is sufficient for computing the Q 
values. This procedure was found to be rather efficient and 
rapid. Obviously, other iterative schemes could be devel- 
oped for the calculations. 

Every steady state is attained as a result of a start-up, 
Thus, it is of practical importance to determine which of 
the steady state solutions can be realized (stable) and 
which are unstable. (An unstable steady state is one for 
which any infinitesimal disturbance will move the reactor 
away from the steady state.) 
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A detailed discussion of the difficulties associated with a 
stability analysis of the model used here was presented 
by Hoffman et al. (1975). It  was shown there that if one 
assumes that the reaction factors are still applicable, under 
transient conditions then any steady state which does not 
satisfy the slope condition 

or equivalently 
&I d y n  - <-=1 
dT dT 

(44) 

(45) 

is unstable. The slope condition is only a necessary condi- 
tion for stability. Thus, no general statement can be made 
on the stability of the solutions which satisfy this condition. 
We will not present a stability analysis of the system. All 
the unstable steady states which do not satisfy the slope 
condition are represented by a dashed curve in Figures 
1 to 3 and also Figure 5. 

NUMERICAL RESULTS AND DISCUSSION 

Numerical simulations of the steady state model were 
carried out in order to test the capability of the model to 
describe the behavior of an experimental reactor, to check 
the parametric sensitivity of the model, to examine the 
behavioral features of the model and in particular the vari- 
ous multiplicity patterns and the maximal number of steady 
state solutions, and to explore the possible use of the mul- 
tiplicity phenomenon as a tool to discriminate among rival 
models. 

The capability of the model to describe real systems was 
tested by comparing its predictions with experimental re- 
sults reported by Ding et al. (1974) on the chlorination of 
three lots of n-decane which had differing reactivities due 
t3 varying amounts of impurities. Figure 1 compares the 
predicted and observed data for the least active decane 
under conditions of constant gas feed rate. The dashed 
squares in Figure 1 describe the initial temperatures at 
which a shift to a high or low temperature steady state oc- 
curred. They approximate the temperatures of the inter- 
mediate unstable steady state solutions which cannot be 
realized without a proper control scheme. Table 1 reports 
the values of the parameters used in these simulations. A 
justification for the choice of parameter values can be 
found elsewhere (Hoffman, 1974). Figure 2 depicts the 
predicted and observed results for the same decane under 
conditions of equimolar gas and liquid feed rates. The abil- 
ity of the model to adequately predict both types of experi- 
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Fig. 1. Comparison of predictions of the model with experimental 
results on the influence of liquid residence time on the steady state 
temperature during the chlorination of n-decane with a fixed 

chlorine feed rate of qsf = 2.8 g mole/hr. 
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'*O c TABLE 1. PARAMETERS USED IN THE SIMULATION OF THE 
EXPERIMENTAL RESULTS 

w 
I- 6o t I 1 

I I 

I I I I 

0 10 20 30 40 50 

LIQUID RESIDENCE TIME [min]  
Fig. 2. Comparison of the predictions of the model with experimental 
results on the influence of liquid residence time on the steady state 

temperature during the chlorination of n-decane fqif = qs$. 
1751  I 1 I I 1 I 1 I I I 1 ,  1 ,  I 

L- --__ 

MWA = 71 

p u  = 0.725 g/cm3 P = l a t m  
T f  = 297°K 
Ua = 0.03 caV( OK-s) 
E = 0.86 

DA = 0.66 x 10-7 exp 

MWB = 142 
YAf = 1.0 XBf = 1.0 

Tc  = 298°K 
a, = 3.0 cm-1 
VR = 400 cm3 
ki = d z / 0 . 1  cm/s 

1172 ( - +) c m 2 / s  
273 

DB = 0.39 DA 
C ~ A  = 8.28 + 5.6 x lO-4T 

C ~ L  = 6.7 + 8.4 x 10-42' 

DR = .38 D A  

cal/ (mole "K)  

cal/( mole O K )  

cal/ (mole "K)  
C p l  = 4.25 + 0.234T 

CPQ = YACPA + YLCPL 
1010 

lgio ( XA/YA 1 = - - 4.16 
T 

pB = 10[4.073 - 2702/(1.8T - 14211 lb./sq.in,abs, 
pR = 1OC4.343 - 3224/(1.8T - 13411 lb./sq.in.abs. 
ps = 10t4.423 - 3462/(1.8T - 14411 lb,/sq.in,abs. 
A H 1  = -26 000 cal/mole 
AHvi = - 12 000 cal/mole 
AE1 = 29 000 cal/mole 
kl  (323°K) = 0.005 cm3/(mole-s) k l  (373°K) := 1.414 kz (373°K) 

The simulations revealed that the heat losses due to 
evaporation of the liquid were important factors, and a 
failure to properly account for them can induce a large 
error in the prediction of the high temperature steady 
states. The deviations between the predicted and measured 
temperatures and conversions of the high temperature 
steady states increased at high liquid residence time. These 
deviations were due to the fact that the model did not ac- 
count for the formation of tri and higher chlorodccanes and 
their influence on the heat generation, the reaction factors, 
and the physical properties of the liquid. 

Once the validity of the model was established, an ex- 
tensive parametric sensitivity analysis of the model was 
performed by using an equimolar gas and liquid feed rate 
( q s f  = q v ) .  A detailed report of the numerical simula- 
tions was presented by Hoffman (1974).  This study re- 
vealed that the key factors which influence the reactor 
are the rate constants kl and k2, the activation energies, 
the interfacial area, the heat of reactions, the heat losses, 
and the heat capacities. The effect of changing kl(323"K) 
while holding all other parameters at the values reported 
in Table 1 is shown in Figure 3. The simulatioiis indicate 
that changes of R1 have a twofold impact. They affect the 
range of T~ for which multiplicity exists and also change 
the nature of the multiplicity. The second effect was in- 
deed surprising. For kl = 0.4 (curve C),  the regular 
multiplicity pattern is obtained with both an extinction 
and an ignition. However, when the activity 1s reduced 
(curves B and A), a special multiplicit) pattein, defined 
as an isola, is obtained. Here, no solution bifurcates from 
the low temperature steady state, and it is impossible to 
ignite a low temperature steady state by increasing the 
liquid residence time. In such a case, the high tempera- 
ture steady state can be attained only by preheating the 
reaction mixture. The presence of an isola thus may not 
be discovered in preliminary experiments, and its existence 
may lead to rather unexpected pitfalls in the operation of 
the reactor. 

The occurrence of an isola may be better understood by 
examining Figure 4 which describes three YI graphs for 
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A H 2  = -27 000 ca!/mole 
AHs = -4 500 cal/'mole 
AE2 = 29 000 cal/riiole 
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Fig. 4. The Yr and YII graphs for case B of Figure 3. 

TABLE 2. PARAMETERS USED FOR COMPUTING 
FIGURES 5 AND 6" 

Tf = 273°K T ,  = 273°K 
Ua = 0.1 cal/( OK-s) 

AHs = 7 000 cal/mole 

kl (300°K) = 0.3 cm3/(mole-s) 

a, = 2 cm-1 
4s = 2 41 
AEI = 30 000 cal/mole 

kl= 5 d Z  cm/s 

AEz = 45 000 cal/mole 

1glOPB = 5.8613 - 4 062/ 

kl (525°K) = 50 kz (525°K) 

(1.8T - 144) 
PB = PR = Ps 

* All unspecified parameters have the same value as those in Table 1. 

case B of Figure 3. The three Yr curves have an inflection 
point. For the graphs corresponding to 71 of 10 and 80 
min., Yr exceeds YIr for some T - ?'j larger than that at 
which the inflection point occurs. However, this does not 
occur for the graph corresponding to 71 of 150 min. I n  fact, 
the YI and YII graphs are tangent to each other for 71 = 
143 min., and for any higher liquid residence time a unique 
low temperature steady state exists. 

The changes in kl have an interesting impact on the 
range of 71 for which the steady state multiplicity occurs. 
A decrease of kl from 0.4 to 0.005 (curves C, B) causes 
a large increase in the range of 71 for which multiplicity 
exists. However, a further decrease in kl causes a shrink- 
ing of this range until the isola completely disappears for 
kl < 0.001, yielding a unique low temperature steady 
state for all T L .  

An analysis of steady state multiplicity of a CSTR in 
which a single exothermic second-order reaction is carried 
out revealed that up to five steady state solutions may be 
obtained (Hoffman et al., 1975). This is a rather unique 
feature of gas-liquid reactors, as no more than three steady 
state solutions can be attained in a single phase CSTR in 
which the same reaction is carried out. 

When two consecutive reactions are carried out in a 
single phase CSTR, up to five steady state solutions can 
be obtained ( Westerterp, 1962). Thus, by extrapolating 
from the single gas-liquid reaction case, it is conceivable 
that by adding a second consecutive reaction, whose rate 
is significant only at high temperatures, we can find cases 
for which up to seven steady state solutions exist. Nu- 
merical simulations verified this hypothesis. Table 2 re- 
ports the values of the parameters that were changed from 
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Fig. 5. Steady state multiplicity pattern for the example whose 
parameters are reported in Table 2. 

280, A 

V lo 
0 100 200 280 

T-T, ["C 7 
Fig. 6. The YI and Y I I  graphs for the case whose parameters are 

reported in Table 2. 

those reported in Table 1 in order to illustrate this unique 
behavioral feature of the system illustrated in Figures 5 
and 6 for 71 = 3 min. 

The multiplicity pattern for this system is rather intri- 
cate (Figure 5),  and the system shifts continuously through 
reGons of 1-3-5-7-5-3-1 solutions. These multiplicities are 
caused by the interactions among the rates of the chemical 
reactions, the rates of the transport phenomena, and the 
solubility of the gaseous reactant. The YI graphs corre- 
sponding to each multiplicity region are shown in Figure 
6, and it is the change in the shape of these graphs that 
is responsible for the complex multiplicity pattern. 

One of the interesting features of the system described 
in Figure 5 is that as the residence time is decreased along 
branch H-K, ignition to the branch G-J can occur. This 
feature is the inverse of the common ignition which is 
caused by an increase in the residence time. 
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Conversion 
Steady state ri (min. ) T ( O K )  of B 

A 
B 
C 
D 
E 
F 
G 
H 
I 
J 

3 
3 
3 
3 
3 
3 
3 

20 
20 
20 

289.6 
313.6 
377.5 
396.5 
423.6 
470.4 
528.4 
422.5 
448.5 
503.9 

0.01 
0.18 
0.56 
0.67 
0.84 
0.91 
0.93 
0.997 
0.992 
0.987 

t Selectivity is defined as moles of R formed per mole of converted B .  

It  is of interest to note that when the heat transfer 
coefficient for this example is increased, the bifurcation 
points K and L approach each other until an isola is 
formed. For high heat transfer coefficients, the high heat 
losses preclude the existence of very high steady state 
temperature. Therefore, further increases in the heat trans- 
fer coefficient cause the isola to shrink and finally to dis- 
appear. For the low temperature steady states, the rate 
of the second reaction is negiigible, and the behavior is 
very similar to that of a reactor in which a single reaction 

Table 3 reports predicted data for all the steady states 
corresponding to residence times of 3 to 20 min., respec- 
tively. (These steady states are marked in Figure 5). As 
expected, the higher the steady state temperature the 
higher is the conversion and the lower is the selectivity, 
where the selectivity is defined as the number of moles R 
formed per mole of converted B. 

The table shows that for the seven steady states case, 
the Hatta number M changes from 0.003 for steady state A 
up to 113 for steady state G. These changes correspond 
to a change of the reaction factor EA* from 0.09 to 50.98 
and are due to a shift from a chemical reaction to mass 
transfer control. This example clearly points out the need 
to account properly for the enhancement of the mass trans- 
fer rate by the chemical reaction in order to avoid pitfalls 
in predicting the rate of the heat generation and of the 
steady state temperature. The simple mass and chemical 
series resistances model used by Schmitz and Amundson 
(1963 a to d )  is not adequate for describing such a system. 

The design of gas-liquid reactors is usually based on a 
simplified model, as it is not possible at present to account 
in an exact quantitative fashion for all the physical and 
chemical rate processes as well as the mutual interactions 
among them. The simulations indicate that the multiplic- 
ity pattern as well as the ignition and extinction values 
are rather sensitive to the kinetic parameters. Conse- 
quently, the multiplicity can serve as an excellent test for 
the predictive capability of any model and as a means for 
discriminating among rival models and for estimation of 
kinetic parameters. To illustrate the point, consider graph 
B in Figure 3 which simulates our experiments with decane 
lot 3 (Figure 2 describes experimental data for this case). 
The simulation predicts an isola for 8.5 < 71 < 143 min. 
We found in the experiments low temperature steady states 
for residence times up to 6 hr. (no experiments were per- 
formed for 71 > 6 hr.) . Unfortunately, we did not consider 
at the time the possible existence of an isola and did not 
search for a high temperature steady state for 71 > 143 
min. Clearly, such an experiment would have been most 
revealing about the validity of the model and the associ- 
ated kinetic parameters. 

occurs. 

Selectivity+ M EA' LSB Q E R  

TABLE 3. DATA FOR STEADY STATES MARKED IN FIGURE 5 

, 

1.00 
1.00 
1.00 
1.00 
0.99 
0.79 
0.29 
0.81 
0.64 
0.18 

0.003 
0.02 
0.91 
2.04 
4.82 

20.8 
113.1 

0.63 
3.00 

23.7 

0.09 
0.19 
1.25 
2.00 
3.71 
9.26 

50.98 
1.08 
1.95 

13.57 

0.004 0.004 
0.13 0.13 
1.35 1.25 
2.00 2.00 
3.69 3.67 
7.66 6.06 

29.81 8.62 
0.92 0.75 
1.44 0.92 
7.45 1.32 

The simulations also illustrate that the simple behavioral 
features of a single phase CSTR, in which a single chem- 
ical reaction occurs, cannot always be used to obtain a 
qualitative understanding of the multiplicity parterns of 
more complex reacting systems and reaction networks. It 
would be of definite interest to obtain an expc-rimental 
proof of some of the complex multiplicity pattc,ms pre- 
dicted by our simulations. 

NOTATION 

= exterior surface area of reactor 
= concentration of species A 
= dimensionless concentration, defined by (21) 
= interfacial area per unit volume 
= concentration of liquid reactant B 
= dimensionless concentration, defined by ( 3 0 )  
= quantity defined by (20) 
= molar heat capacity 
= diffusion coefficient 
= activation energy 
= reaction factor, defined by ( 4 )  to :6) 
= quantity defined by ( 2 2 )  
= liquid volumetric flow rate 
= quantity defined by (18) 
= heat of reaction 
= heat of solubility 
= heat of vaporization 
= reaction rate constant 
= mass transfer coefficient 
= Hatta number, defined by (18) 
= pressure in reactor 
= molar flow rate 
= heat generation or removal functions, dt'fined by 

= reaction rate per unit volume of bulk and film 

= dimensionless quantity, defined b j  (18) 
= dimensionless quantity, defined b j  (23) 
= dimensionless quantity, defined by i 18) 

(40) 

liquid 

= temperature in reactor 
= exterior temperature of reactor 
= overall heat transfer coefficient 
= volume of reactor 
= mole fraction in liquid phase 
= function defined by (41) 
= mole fraction in gas phase 
= coordinate normal to interface 

Greek Letters 

a 
y 
7' 

= ratio of film to bulk volume, defined by (1 8) 
= parameter defined by (18) 
= quantity defined by (19) 
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= parameter defined by (24) 
= parameter defined by (25) 
= thickness of liquid mass transfer film 

= dimensionless residence time, defined by (18) 

= molar density of liquid phase 

rR 
8 
e = liquid holdup 
8 - 
7 = residence time 

Su bscriph 

A = of species A 
B = of species B 
c = stream leaving condenser 
f = feedstream 
g = gaseousphase 
i = gas-liquid interface 
1 = liquid phase 
L = of species L 
o = stream leaving reactor 
R = of species R 
S = of species S 
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Part I. Development of Model and Application of Orthogonal 

Collocation 
The orthogonal collocation method is applied to solve the mathematical 

model of a monolith catalytic converter, in which the reaction takes place 
in a porous catalytic layer deposited on the wall of a tube. A sequence 
of models is developed, with the most complicated one involving transient 
heat and mass transfer in three dimensions. 

SCOPE 

The orthogonal collocation method is developed for 
application to problems having irregular geometries. Most 
previous applications of orthogonal collocation in two 
dimensions have been for rectangular regions (Villadsen 
and Stewart, 1967; Sbensen et al., 1973; Young and 
Finlayson, 1973). A notable exception is the series of 
papers by Sbrenson and Stewart (1974) dealing with 
flow of a fluid in a packed bed. In the applications to 
monolith catalytic reactors envisaged below, the duct 

frequently takes irregular shapes. Consequently, it is 
necessary to apply orthogonal collocation in these irregular 
three-dimensional geometries. 

The monolith reactor is a large number of small, 
long tubes (in parallel) through which a gas flows, and 
catalyst is deposited on a porous layer on the wall of 
the duct. Another important objective is model discrim- 
ination; different mathematical models are developed for 
such devices in order to illustrate the phenomena oc- 
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